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1
Gauss $n$ $x_{1},$ $\ldots,$ $x_{n}$
$\sum_{j=1}^{n+3}\mu_{j}=2$ $(n+3)$ $\mu_{1},$ $\ldots,$ $\mu_{n+3}$
$(n+1)$ Appell-Lauricella $F_{D}$
$(n+1)$ $\psi_{j}$
$X=\{(x_{1}, \ldots, x_{n})|x_{j}\neq 0,1, \infty, x_{k}(j\neq k)\}$
$p:X\ni(x_{1}, \ldots, x_{n})\vdasharrow(\psi_{0}, \ldots, \psi_{n})\in \mathrm{P}^{n}$
$\mu=(\mu_{1}, \ldots, \mu_{n+3})$
$0<\mu_{j}<1$ , $(1-\mu_{j}-\mu_{k})^{-1}\in \mathrm{N}\cup\infty$ for $j\neq k$ (1)
$p$ $p(X)$ $n$ $\mathrm{B}_{\mu}$ open dence
$p(X)$ $\Gamma_{\mu}$ $p(X)/\Gamma_{\mu}$ $X$
[DM] [T] $n\geq 2$ (1) $\mu$
$n>5$ $\mu$ $n=5$ 1






$n=2,3$ $\mu$ [K1], [Mal], [Ma2], [P], [S]
(1) $n=5$
$\mu=(1/4, \ldots, 1/4)$ [MT2] $p^{-1}$
$\mu$ $X$ $x_{6}=0,$ $x_{7}=1,$ $x_{8}=\mathrm{o}\mathrm{o}$
$\mathrm{P}^{1}$ 8 $M_{8pts}$ $n=4$
(1) $(1/2, 1/4, \ldots, 1/4)$
8 $M_{8pts}$ $x_{j}=x_{k}$ $n=2,3$
(1) $\mu_{j}$ 4 4
8 $M_{8pts}$
$\mu=(1/4, \ldots, 1/4)$ $p^{-1}$ $\mu_{j}$
4
[MT2] $M_{8pts}$
$\{1, \ldots, 8\}$ 2 4 $\{\{j_{1},j_{2}\}, \ldots\{j_{7},j_{8}\}\}$
$\{1, \ldots, 8\}$ (2, 2, 2, 2)-partition $\{1, \ldots, 8\}$ (2, 2, 2, 2)-partitiOns
$P(2^{4})$ $P(2^{4})$ $(\begin{array}{l}82\end{array})(\begin{array}{l}62\end{array})(\begin{array}{l}42\end{array})/4!=105$ .
(2, 2, 2, 2)-partition $r=\{\{j_{1},j_{2}\}, \ldots\{j_{7},j_{8}\}\}$ { $P_{r}=$
$\prod_{k=1}^{4}(x_{j_{2k-1}}-x_{j_{2k}})$ $P_{r}$ relative invariants
$P:M_{8pts}\ni x\vdash+(\ldots, P_{r}, \ldots)\in \mathrm{P}^{104}$ $(r\in P(2^{4}))$
$P$ [K2]
Theorem 1 $\Gamma_{\mu}$ 105 $\mathcal{T}_{r}^{(2)}\backslash$
$\mathrm{P}^{104}$ ,
$\mathcal{T}^{(2)}$ 105 $fl_{r}^{2)}$ $\mathcal{T}^{(2)}$
$P$ $\mathcal{T}^{(2)}\circ P^{-1}$ . $p$
$\mathcal{T}_{r}^{(2)}$
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$C$ $\pi_{z}$ : $C\ni(z, w)-\# z\in \mathrm{P}^{1}$ $C$ $\mathrm{P}^{1}$ 8
$x_{1},$ $\ldots,$
$x_{8}$ 4
$\rho$ : $C\ni(z, w)\vdasharrow(z, iw)$
4 Hurwitz $C$ 9
$C$ 3 hyperellptic curve 8
2
$C$ 1-form vector space $H^{0}(C, \Omega^{1})$ 1
$H_{1}(C, \mathbb{Z})$ $\rho^{2}$ (-1)- $H^{0}(C, \Omega^{1})^{-}$ ,
$H_{1}(C, \mathbb{Z})^{-}$
Proposition 1 $H^{0}(C, \Omega^{1})\ovalbox{\tt\small REJECT}\mathrm{h}$




$H_{1}(C, \mathbb{Z})$ $x_{j}\in \mathbb{R},$ $x_{1}<\cdots<x_{8}$
$[x_{j}, x_{j+1}](j=1, \ldots, 7)$ [ $C$ path $I_{j}$
$I_{j}= \{(z, w)\in C|z\in[x_{j}, x_{j+1}], \exp(\frac{\pi i}{4}j)w\in[0,\infty)\}$
$I_{j}$ $(z, w)=(x_{j}, 0)$ , $(x_{j+1}, 0)$ $(1-\rho)I_{j}$
$C$ $A_{j}=(1-\rho^{2})I_{j},$ $B_{j}=\rho(A_{j})$
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Proposition 2 $H_{1}(C, \mathbb{Z})$ $\rho^{k}(1-\rho)I_{j}(j=1, \ldots, 6, k=0,1,2)$




-1 0 1 0 0 0
0 -1 0 1 0 0
00 -1 0 1 0
000 -1 0 1
0000 -1 0,
$Q=(_{0}^{-1}2000$ $-1-10020$ $-102\overline{0^{1}0}$ $-1-10002$ $-1-10002$ $-100002)$
$(1-\rho^{2})H_{1}(C, \mathbb{Z})$ $H_{1}(C, \mathbb{Z})^{-}$ index $2^{6}=64$ sublattice
3
[K1], [Mal], [Ma2], [P], [S]
$F_{D}$ $C$ Jacobi
$J(C)=H^{0}(C, \Omega^{1})^{*}/H_{1}(C, \mathbb{Z})$ $\mu=(1/4, \ldots, 1/4)$ $F_{D}$
6 $\varphi_{1}=\frac{dz}{w}$ $H_{1}(C, \mathbb{Z})^{-}$
$J(C)$ Prym(C) $=(H^{0}(C, \Omega^{1})^{-})^{*}/H_{1}(C, \mathbb{Z})^{-}$
$H_{1}(C, \mathbb{Z})^{-}$ $\{A_{1}, \ldots, A_{6}, B_{1}, \ldots, B_{6}\}\text{ ^{}\backslash }\backslash l\mathrm{h}\rho \text{ }\mathrm{f}\mathrm{f}\mathrm{l}\mathrm{B}[searrow]’\acute{\overline{0}}F^{1}1J=$
$(\begin{array}{ll}O -II O\end{array})$ $g$) $\check{}\text{ }\mathrm{B}^{\grave{\grave{\mathrm{a}}}}\acute{1}^{\mathrm{B}}\tau\check{\mathrm{b}}\text{ _{ }}$




${}^{t}y=(y_{1}, \ldots, y_{6})=(\int_{A_{1}}\frac{dz}{w}, \ldots, \int_{A_{6}}\frac{dz}{w})$
${}^{t}yH\overline{y}>0$
83
$H$ $(1, 5)$ hermite $\mathbb{B},$ $\ovalbox{\tt\small REJECT}\{yC\mathbb{P}^{5}\ovalbox{\tt\small REJECT} yH\ovalbox{\tt\small REJECT}>0\}$ 5
[DM], [T], [MY]
Proposition 4 $\mu=(1/4, \ldots, 1/4)$ $p$ $\mathrm{B}_{\mu}$ open
dence $\Gamma_{\mu}$
$\{g\in GL_{6}(\mathbb{Z}[i])|{}^{t}gH\overline{g}=H, g\equiv I\mathrm{m}\mathrm{o}\mathrm{d} (1-i)\}$
Prym(C) theta $H_{1}(C, \mathbb{Z})^{-}$
$(\begin{array}{ll}O -EE O\end{array})$ ( $E$ )
$C$ 3 8 2 $E$
diag(2, 2, 2, 1, 1, 1) Prym(C)
(2, 2, 2, 1, 1, 1) $\rho$
theta $\rho$
(2, 2, 2, 2, 2, 2) Prym(C) isogen0
theta
4Principal sublattices of $H_{1}(C, \mathbb{Z})^{-}$
$V=H_{1}(C, \mathbb{Z})^{-}/(1-\rho^{2})H_{1}(C, \mathbb{Z})$ $j$- $\mathrm{F}_{2}^{6}$
2 2 8
$S_{8}$ (2, 2, 2, 2)-partitions 105
$V$ 3
Proposition 5 $(1-\rho^{2})H_{1}(C, \mathbb{Z})$ $H_{1}(C, \mathbb{Z})^{-}$ $\Lambda$
$\{\alpha_{1}, \ldots, \alpha_{6}, \beta_{1}, \ldots, \beta_{6}\}$ 105
$\alpha_{\mathrm{j}}\cdot\alpha_{k}=\beta_{j}\cdot\beta_{k}=0$ , $\alpha_{j}\cdot\beta_{k}=-2\delta_{jk}$ , $\rho(\begin{array}{l}\alpha\beta\end{array})=(_{U}^{O}$ $\mathrm{C})$
84
1$\mathrm{C})$. $\ovalbox{\tt\small REJECT}(\mathrm{I}\ovalbox{\tt\small REJECT})$
lattice $\Lambda$ 1 $(_{\beta}^{\alpha})$
$\alpha_{1}$ $=$ $A_{1}$ ,
$\alpha_{2}$ $=$ $A_{1}+A_{2}+B_{2}$ ,
$\alpha_{3}$ $=$ $A_{1}+A_{2}+B_{2}+B_{3}$ ,
$\alpha_{4}$ $=A_{1}+A_{2}-A_{4}+B_{2}+B_{3}+B_{4}$ ,
$\alpha_{5}$ $=A_{1}+A_{2}+A_{5}+B_{2}+B_{3}$ ,
$\alpha_{6}$ $=$ $A_{1}+A_{2}+A_{5}+A_{6}+B_{2}+B_{3}+B_{6}$ ,
$\beta_{1}$ $=$ $-B_{1}$ ,
$\beta_{2}$ $=A_{2}-B_{1}-B_{2}$ ,
$\beta_{3}$ $=$ $-A_{2}-A_{3}-A_{4}+B_{1}+B_{2}-B_{4}$ ,
$\beta_{4}$ $=$ $-A_{2}-A_{3}+B_{1}+B_{2}$ ,
$\beta_{5}$ $=A_{2}+A_{3}-B_{1}-B_{2}-B_{5}$ ,
$\beta_{6}$ $=A_{2}+A_{3}+A_{6}-B_{1}-B_{2}-B_{5}-B_{6}$ .
Proposition 5 $\text{ }$ $(\begin{array}{l}\alpha\beta\end{array})$ lattice $\Lambda$
104 $S_{8}$
(2, 2, 2, 2)-partitions $r$ 105 sublattices $\Lambda$
$t_{r}^{2)}$
lattice $\Lambda$





${}^{t}\eta\ovalbox{\tt\small REJECT}(\eta_{1,\ovalbox{\tt\small REJECT}}\ovalbox{\tt\small REJECT}\eta_{6})\ovalbox{\tt\small REJECT}(f \ovalbox{\tt\small REJECT}, \ldots, f \ovalbox{\tt\small REJECT})$





$A_{\Lambda}=\mathbb{C}^{6}/(\mathbb{Z}^{6}\tau\oplus \mathbb{Z}^{6})\simeq(H^{0}(C, \Omega^{1})^{-})^{*}/\Lambda$ theta
$\theta_{ab}(z, \tau)=\sum_{n\in \mathbb{Z}^{6}}\exp(\pi i(n+a)\tau{}^{t}(n+a)+2\pi i(n+a){}^{t}(z+b))$
$z\in \mathbb{C}^{6},$ $\tau$ Proposition 6 $a,$ $b\in \mathbb{Q}^{6}$
$a=b=0$ $\theta_{00}(z, \tau)$ $\theta(z, \tau)$
$\theta_{ab}(z+m\tau+n)=\exp(2\pi i$ (a ${}^{t}n-b{}^{t}m$ ) $\exp(-\pi im\tau {}^{t}m-2\pi iz{}^{t}m)\theta_{ab}(z)$ . $(2)$
$C$ $A_{\Lambda}$ $\iota$
$\iota:$ .P $\vdasharrow\int_{\gamma(P)-\rho^{2}\gamma(P)}\phi^{\beta}$ ,
$\phi^{\beta}=(\phi_{1}^{\beta}, \ldots, \phi_{6}^{\beta})$ $\gamma(P)$ $P_{1}=(x_{1},0)$ $P$
$C$ well-defined
$\iota$ $P_{j}=(x_{j}, 0)$
$\iota(P_{1})=\iota(P_{2})$ $=$ $\frac{1}{2}(0,0,0,0,0,0,0,0,0,0,0,0)(\begin{array}{l}\tau I\end{array})$ ,
$\iota(P_{3})=\iota(P_{4})$ $=$ $\frac{1}{2}(1,1,0,0,0,0,1,1,0,0,0,0)(\begin{array}{l}\tau I\end{array})$ ,
$\iota(P_{5})=\iota(P_{6})$ $=$ $\frac{1}{2}(1,1,1,1,0,0,1,1,1,1,0,0)(\begin{array}{l}\tau I\end{array})$ ,




$\mathrm{L}\mathrm{a}\mathrm{t}\ovalbox{\tt\small REJECT} \mathrm{c}\mathrm{e}\ovalbox{\tt\small REJECT}$ $(2, 2, 2, 2)- \mathrm{p}\mathrm{a}\mathrm{r}\ovalbox{\tt\small REJECT}\ovalbox{\tt\small REJECT} \mathrm{o}\mathrm{n}\{\{12\}, \{34\}, \{56\}, \{78\}\}$
$\ovalbox{\tt\small REJECT}$ )




Proposition 7 $A_{\Lambda}$ $v$ $C$ $\theta(v+\iota(P), \tau)$
12 A
$\frac{1}{2}(q, qU)(\begin{array}{l}\tau I\end{array})(q\in \mathbb{Z}^{6})$ $F_{q}(P)=\theta_{\xi(q)}(\iota(P), \tau)$
$\xi(q)=\frac{1}{2}(q, qU)$ $P_{1}$ [ $F_{q}(P)$
4 $qU$ ${}^{t}q$
Remark 2. $q=0=(0, \ldots, 0)$ $F_{0}(P)$
$P_{j}$
$\ovalbox{\tt\small REJECT}$ , $P_{2}$ $P_{3},$ $P_{4}$ $P_{5}$ , $P_{6}$ P7, $P_{8}$
0202
$\{P_{1}, \ldots, P_{8}\}$ 8
$C$ $F_{0}(P)$ 4
6
Lemma 1 $C$ $F_{0}(P)=\theta(\iota(P), \tau)$ $P_{3},$ $P_{4}$ , P7, $P_{8}$
$Q$ $\rho(Q),$ $\rho^{2}(Q),$ $\rho^{3}(Q)$
Lemma 2 $C$ $F_{q}(P)=\theta_{\xi(q)}(\iota(P), \tau)$ $P_{3},$ $P_{4},$ $P_{7},$ $P_{8}$
2 $q\in \mathbb{Z}^{6}$ 2
$q_{0}=(0,0,0,0,0,0)$ , $q_{1}=(0,0,1,1,1,1)$ ,
$q_{2}=(1,1,0,0,1,1)$ , $q_{3}=(1,1,1,1,0,0)$
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Proposition 8 $q_{1},$ $q_{2},$ $q_{3}$ $R_{j}(P)$ $=F_{0}(P)/F_{q_{j}}(P)$ $C$
$(z, w)$ $(z-s)/(z-t)$
$Q=(s, w(s))$ $R=(t, w(t))$ $F_{0}$ $F_{q_{\mathrm{j}}}$ $P_{3},$ $P_{4}$ , P7, $P_{8}$
Proof. $P$ $H_{1}(C, \mathbb{Z})$ $(1-\rho)I_{j},$ $\rho(1-\rho)I_{j},$ $\rho^{2}(1-\rho)I_{j}$
$\iota(P)$ $(1-\rho^{2})(1-\rho)I_{j}=A_{j}-B_{j},$ $\rho(1-\rho^{2})(1-\rho)I_{j}=A_{j}+B_{j}$ ,
$\rho^{2}(1-\rho^{2})(1-\rho)I_{j}=-A_{j}+B_{j}$ $A_{j}-B_{j},$ $A_{j}+B_{j}$ $(\begin{array}{l}\alpha\beta\end{array})$
$A_{1}-B_{1}=\alpha_{1}+\beta_{1}$ , $A_{1}+B_{1}=\alpha_{1}-\beta_{1}$ ,
$A_{2}-B_{2}=-\beta_{1}+\beta_{2}$ , $A_{2}+B_{2}=-\alpha_{1}+\alpha_{2}$ ,
$A_{3}-B_{3}=\alpha_{2}-\alpha_{3}-\beta_{2}-\beta_{4}$ , $A_{3}+B_{3}=-\alpha_{2}+\alpha_{3}-\beta_{2}-\beta_{4}$,
$A_{4}-B_{4}=\alpha_{3}-\alpha_{4}$ , $A_{4}+B_{4}=-\beta_{3}+\beta_{4}$ ,
$A_{5}-B_{5}=-\alpha_{3}+\alpha_{5}+\beta_{4}+\beta_{5}$ , $A_{5}+B_{5}=-\alpha_{3}+\alpha_{5}-\beta_{4}-\beta_{5}$ ,
$A_{6}-B_{6}=-\beta_{5}+\beta_{6}$ , $A_{6}+B_{6}=-\alpha_{5}+\alpha_{6}$ ,
theta $\theta_{ab}$ (2) $P$ $C$ cycle
$F_{0}(P)/F_{q_{j}}(P)$ $q.e.d$.
Remark 3cune Jacobian theta
theta characteristics { { 2 theta
$\iota$ $C$
Proposition 9 $R_{1}(P)$ $Q=(s, w(s))$ $R=(t, w(t))$
$R_{1}(P)$ $R_{2},$ $R_{3}$ $R_{j}(P)$
$Q=(s, w(s))$ $R=(t, w(t))$ $z$ - $s,t$
$s+t= \frac{2(x_{1}x_{2}-x_{5}x_{6})}{x_{1}+x_{2}-x_{5}-x_{6}}$, $st= \frac{x_{1}x_{2}x_{5}+x_{1}x_{2}x_{6}-x_{1}x_{5}x_{6}-x_{2}x_{5}x_{6}}{x_{1}+x_{2}-x_{5}-x_{6}}(3)$
Proof. $P$ $I_{j},$ $\rho(I_{j})$ $\iota(P)$ $A_{j}$ , $B_{j}$
















$b_{11},$ $\rho(I_{2\mathrm{v}\mathrm{r}}\ovalbox{\tt\small REJECT}_{-1- 1})$
$\ovalbox{\tt\small REJECT}_{\ovalbox{\tt\small REJECT}}$ $P_{1},$ $P_{2},$ $P5,$ $P6$ theta
$R_{1}(P_{1})$ $=$ $R_{1}(P_{2})$ , $R_{1}(P_{5})=R_{1}(P_{6})$ (4)





$s=t$ $R_{2},$ $R_{3}$ (5)
$\frac{x_{1}-s}{x_{1}-t}+\frac{x_{2}-s}{x_{2}-t}=0$ , $\frac{x_{5}-s}{x_{5}-t}+\frac{x_{6}-s}{x_{6}-t}=0$
$2st-(x_{1}+x_{2})(s+t)+2x_{1}x_{2}=0$ , $2st-(x_{5}+x_{6})(s+t)+2x_{5}x_{6}=0$
$s+t,$ $st$ [ $q.e.d$.
Remark 4 $s,$ $t$
$\frac{(s+t)^{2}}{4}-st=\frac{(x_{1}-x_{5})(x_{1}-x_{6})(x_{2}-x_{5})(x_{2}-x_{6})}{(x_{1}+x_{2}-x_{5}-x_{6})^{2}}$
$s,$ $t$ $x_{1}=x_{5},$ $x_{1}=x_{6},$ $x_{2}=x_{5}$ ,
$x_{2}=x_{6}$
7 $xj_{1},$ $\ldots,$ $xj_{4}$ cross ratio

















$x_{8}$ 4 $x_{j_{1}},$ $\ldots,$ $x_{j_{4}}$
cross ratio .
Proposition 11 $T_{r_{1}}^{(2)}=\theta_{0}\theta_{1}\theta_{2}\theta_{3}$
$r_{1}$ (2, 2, 2, 2)-par ition $\{\{12\}, \{34\}, \{56\}, \{78\}\}$
$T_{r_{1}}^{(2)}$ $S_{8}$ (2, 2, 2, 2) partition $r$ t
$T_{r}^{(2)}$ [MT2]
References
[DM] Deligne, P. and Mostow, G. D., Monodromy of hypergeometric func-
tions and nonlattice integral monodromy, I.H.E.S. Publ. Math. 63
(1986), 5-89.
90
[F] Fay, $\mathrm{J}$ D. Theta Functions on Riemann Surfaces, $LNM$. $352$ , Springer,
1973.
[I] Igusa, J., Theta Functions, Springer, 1972.
[K1] Koike, K., On the family of pentagonal curves of genus 6and associated
modular forms on the ball, to appear in J. Math. Soc. Japan.
[K2] Koike, K., The projective model of the configuration space $X(2,8)$ ,
preprint.
[MT1] Matsumoto, K. and Terasoma, T., Theta constants associated to cu-
bic three folds, to appear in J. Algebraic Geom.
[MT2] Matsumoto, K. and Terasoma, T., Theta constants associated to cov-
erings of $\mathrm{P}^{1}$ branching at 8points, preprint, Math. $AG/\mathit{0}\mathit{2}\mathit{0}\mathit{8}\mathit{0}\mathit{4}\mathit{0}$.
[MY] Matsumoto, K. and Yoshida, M., Configuration space of 8points on the
projective line and a5-dimensional Picard modular group, Compositio
Math. 86 (1993), 265-280.
[Mal] Matsumoto, K., On modular functions in 2variables attached to a
family of hyperelliptic curves of genus 3, Ann. Scuola Norm. Sup. Pisa,
Serie $IV$ vol.XVI, Fasc. 4, (1989), 557-578.
[Ma2] Matsumoto, K., Theta constants associated with the cyclic triple cov-
erings of the complex projective line branching at six points, Publ. ${\rm Res}$ .
Inst. Math. Sci. 37 no. 3(2001), 419-440.
[Mu] Mumford, D., Prym varieties $\mathrm{I}$ , Contributions to analysis (a collection
of papers dedicated to Lipman Bers), 325-350, Academic Press, New
York, 1974.
[P] Picard, E., Sur les fonctions de deux variables ind\’ependantes analogues
aux fonctions modulaires, Acta Math., 2(1883), 114-126.
[S] Shiga, H., On the representation of Picard modular function by $\theta$ con-
stants I-II, Publ. RIMS, ICyoto Univ. 24 (1988), 311-360.
[T] Terada, T., Fonctions hyperg\’eometriques $F_{1}$ et fonctions automorphes
$\mathrm{I},$
$\mathrm{I}\mathrm{I}$ , Math. Soc. Japan 35 (1983), 451-475; 37 (1985), 173-185.
[Y] Yoshida, M., Hypergeometric Functions, My Love, Vieweg, 1997.
91
